The quasinormal modes of massless Dirac field in the de Rham-Gabadadze-Tolley (dRGT) massive gravity theory with de Sitter asymptotic spacetime are investigated by using Wentzel-Kramers-Brillouin (WKB) approximation. The effective potential for the massless Dirac field due to the dRGT black holes is derived. It is found that the shape of the potential crucially depends on the structure of the graviton mass and then the behaviour of the quasinormal modes is controlled by the graviton mass parameters. We found that the higher potential gives the stronger damping of the quasinormal modes. Moreover, the results are compared to the Schwarzschild-de Sitter case.
I. INTRODUCTION
Einstein's theory of General Relativity (GR) is one of pillars of modern physics. It has been confirmed by many kinds of observation e.g. precession of Mercury's orbit [1] , gravitational time dilation [2, 3] , and recently gravitational wave [4] . Even though GR can be used to describe many phenomena very well, it fails to provide an explanation to accelerated expansion of the universe nowadays [5, 6] . With cosmological constant, GR can provide a description to satisfy the observation. However, the physical origin of the cosmological constant still not be conclusively explained. Theoretically, it may be possible to think that the cosmological constant is a kind of graviton mass while GR corresponds to a theory of massless graviton. Such a modification of GR is known as massive gravity theory.
A linear theory of massive gravity, Fierz-Pauli massive gravity, was proposed in 1939 [7] and does not receive an intensive investigation further since it encounters with van Dam-Veltman-Zakharov discontinuity [8, 9] . In massless limit, it cannot be reduced to linearlized version of GR. It was suggested by Vainshtein [10] to include the nonlinear terms into graviton mass. A viable model of nonlinear massive gravity was proposed in 2010 by de Rham, Gabadadze and Tolley called dRGT massive gravity [11, 12] . A further extension of dRGT massive gravity have been intensively investigated [13] [14] [15] and a nice reviews on the massive gravity theory are also found [16, 17] .
It is possible that the local gravity may be obtained some modification due to the graviton mass. As a result, a spherically symmetric solution has been investigated [18] [19] [20] [21] [22] . By using this kind of solutions, some signatures of astronomical objects in dRGT massive gravity have been explored e.g. white dwarfs [23] , neutron star [24] , rotation curve of galaxies [25] , gravitational lensing [26] and mass-radius ratio bound for compact object [27] . Moreover, black hole solutions are also found [28] [29] [30] [31] [32] [33] [34] and thermodynamical properties have been investigated [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . Other properties of the dRGT black holes have also been investigated such as scalar quasinormal modes [50] and greybody factor [51, 52] . Besides the spherically symmetric solution, the cylindrical one is also investigated [53] [54] [55] [56] .
Quasinormal mode (QNM) is one of important properties of the black holes. It is found that the ringdown frequency profile of the black hole merging is characterized by the QNMs of the black hole (e.g. [57, 58] and for review [59] ). This is interesting while a new generation of gravitational wave detection will be possible to detect some signatures of the QNMs and then might provide some hint to construct modified gravity theory as a candidate of quantum gravity theory. QNMs also bring a lot of interest in the context of Anti-de Sitter/Conformal field theory (AdS/CFT) correspondence [60] where the thermodynamic properties of the black holes in loop quantum gravity is considered e.g. [61] and [62] for review. By nature of the dRGT black hole solution which is asymptotically AdS/dS, it is worthwhile to investigated the QNMs of the dRGT black holes. This is one of the main aims of the present work.
A linear perturbations of the black holes solutions have been investigated [63] [64] [65] and it is found that the governed equations are closely related to the field perturbation outside the black holes. As a result, the evolution of the field near by the black holes can be dictated as a gravitational interaction of the field itself. This allows us to compute the QNMs of the test fields, including spin-half fields, in various kind of black holes by requiring the proper conditions on the horizons [66, 67] . There are various method to compute QNMs e.g. Poshl-Teller method [68] , asymptotic iteration method [69, 70] and WKB method [71, 72] . The review of the QNMs in various kind of black holes can be found in [73, 74] .
In this present work, we investigated QNMs of the Dirac field in dRGT black holes by using WKB method. As we have mentioned, from cosmological point of view, the universe is suggested to associate with the asymptotically de Sitter spacetime. In particular, the QNMs in such a kind of spacetime have been intensively investigated [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] and for Dirac fields [89] [90] [91] . As a result, we will focus on the asymptotic dS solution from the the dRGT black hole. We found that the shape of the potential crucially depends on the structure of the graviton mass and then the behaviour of the quasinormal modes is controlled by the graviton mass parameters. We also found that the higher potential gives the stronger damping of the quasinormal modes. Moreover, the results are compared to the Schwarzschild-de Sitter case. We also check numerical calculation of WKB method with Padé approximation and found that the QNMs converge to a more accurate value. This paper is organized as follows. In Sec. II, the brief review of dRGT massive gravity theory and its black hole solution are discussed. Then, in Sec. III, the effective potential is derived and analyze how the shape of the potential depends on the parameters. In Sec. IV, the QNMs are computed by using the WKB approximation and analyzed the accuracy by Padé approximation. The result is eventually concluded and discussed in Sec. V.
II. DRGT MASSIVE GRAVITY AND BLACK HOLE SOLUTION
A massive gravity theory is one of the modified gravity theories by introducing mass terms into general relativity. One of viable models of massive gravity theories is proposed by de Rham, Gabadaze and Tolley called dRGT massive gravity [11, 12] . The action for the dRGT massive gravity can be written as
where R is the Ricci scalar and U is a potential for the graviton which is the additional part to gravitational sector with the parameter m g interpreted as graviton mass. The potential U in four-dimensional spacetime can be expressed
where α 3 and α 4 are dimensionless free parameters of the theory. Specifically, each terms of the potential U 2 , U 3 and U 4 can be further expressed as
From the above expression one can see that there exists another metric f ab called reference (or fiducial) metric. Note that the rectangular brackets denote the traces, namely [K] = K µ µ and [K n ] = (K n ) µ µ . The four scalar fields φ a are the Stückelberg scalars which are introduced to restore general covariance of the theory.
By varying the action with respect to metric g µν , we obtain the equation of motion which can be interpreted as a modified Einstein field equations as
The tensor X µν can be interpreted as the effective energy-momentum tensor obtained by varying the potential term with respect to g µν defined by
where we have reparameterized the model parameters as follows
Since the potential terms covariantly constructed, the tensor X µν obey the covariant divergence as follows
where ∇ µ denotes the covariant derivative which is compatible with g µν . Note that, this constraint equation can also be obtained by varying the action with respect to the fiducial metric as well as satisfies the Bianchi identities.
In order to solve the solution for the above equations, one may need to choose the form of the fiducial metric. Note that the form of the fiducial metric will provide the form of the physical metric. In this consideration, it is convenient to choose the form of the fiducial metric as
where c is a constant [36] . By using this form of the fiducial metric, one of static spherical symmetric solutions of the physical metric can be obtained as Note that detail calculation to obtained the solution can be found by [36] . This solution contains various signatures of other well-known black hole solutions found in literature. By setting m g = 0, the Schwarzschild solution is recovered. For the very large scale limit, the solution becomes the Schwarzschild-de-Sitter solution for 1 + α + β < 0 and becomes the Schwarzschild-anti-de-Sitter solution for 1 + α + β > 0. Moreover, the global monopole solution can be obtained by setting 1 + 2α + 3β = 0. Note that the last term, the constant potential ζ, corresponds to the global monopole term which naturally emerged from graviton mass. Finally, the linear term γr is a characteristic term of this solution, distinguished from other solutions found in literature.
It is convenient to introduce dimensionless variable,r = r/c and reparametrize the model parameters to be dimensionless as [51] µ = µ c , α g = m 2 g c 2 , c 0 = α + 3β,
As a result, function f can be written in terms of a dimensionless variable as
18)
From this equation, one found that the scale of c takes place atM ∼ α g and then one can choose the parameter c as
.
(2.19)
This radius is well known as the Vainshtein radius [10] . The theory in which r < r V will approach GR, while the theory in which r > r V , the modification of GR will be active.
In order to see the structure of the black hole horizon clearly, let us consider a subclass of parameters specifying the parameter as follows
Now we have only two significant parameters, c 2 characterizing the strength of the graviton mass and β m characterizing the existence of two horizons 0 < β m < 1 for asymptotically dS solution and three horizons 1 < β m < 2/ √ 3 for asymptotically AdS solution. This behaviour can be found explicitly by using numerical method as illustrated in Fig 1. Moreover, this kind of subclass parameters allow us to find the exact solutions of the horizon as follows
In this section, the effective potential is derived in the spherically symmetric spacetime for arbitrary gravity theories. It is then expressed, particularly for dRGT massive gravity later by using solution in Eq. (2.18). Let us start with the general form of the metric taken in the form as
For a spin half field in curved spacetime, it is convenient to consider the calculation in vielbein formalism. In this present work, we choose the form of the vielbein as
Note that the indices without hat are curved spacetime indices and ones with hat are Lorentz indices. We consider a test spin-1/2 field near the spherically symmetric spacetime as a perturbed field. Therefore, one can fix the background and then the backreaction can be neglected. The Dirac equation in general curved spacetime is expressed as
where Ψ and m are the Dirac field and its mass respectively. γ µ is the Dirac gamma matrix and Γ µ is the spin connection given by
with
Γ ρ µν is the Christoffel symbol. The representation of the Dirac gamma matrices, γα is chosen as follows [92] 
with the Pauli spin matrices, σ i :
where prime denotes the derivative with respect to r.
One of the way to solve this equation is using the separation method. Since the metric admits the spherical symmetry and does not depend on t, It is possible to separate the angular and the temporal part as
where A and B are the radial functions, ω is the angular frequency of the solution. The spherically symmetric angular part, Θ satisfies the eigen equation for Dirac field on 2-sphere,
where λ = ±1, ±2, ±3, . . . be the eigenvalues for this angular part. As a result, the radial equation for A and B can be written as
It is seen that this result still be complicated. In order to simplify this equation, one can introduce a function, C(r), to eliminate the terms f r + f r 2 where this function must satisfy the condition,
For the case of dRGT massive gravity, this function is
where c 0 is an integration constant. By setting
where θ = tan −1 (−mr/λ). Eq. (3.36) is then simplified as
Let us introduce the new coordinate x called tortoise coordinate. This coordinate is related to the radial coordinate r via
Eventually, the decoupled radial equations are obtained as
44)
It is notice that these are in the form of the Schrödinger-like equations with the effective potentials,
It is seen that there two potentials V + and V − . However, they are obtained from the same the function a/b called superpotential. This means that the potentials V + and V − are supersymmetric partners [96] . They thus give the same spectra of QMNs [93] .
For the case of massless Dirac field (m = 0), the potential is expressed as
Substituting f = 1 − 2µ r + Λ 3 r 2 + γr + ζ, the potential can be written as
Note that Eq. (3.46) is consistent with the Dirac perturbation in GR cases when we take the dRGT parameters vanish [67] . By using parameters defined in the previous section, one found that there are three crucial parameters, c 2 , β m and λ. Moreover, we will see that the potential vanishes at the horizon since f = 0. Note that at large r limit, the potential approaches some constant value. From the existence of √ f , the potential is valid only in the range f ≥ 0. By taking into account the condition for QNM in WKB approximation, it is more convenient to consider the potential for asymptotically dS case. For AdS case, it must be consider case by case. For example, for the extremal black hole, there are two horizons, it is also possible to use WKB approximation. This behaviour is also illustrated in the left panel of Fig. 2 . From the right panel of this figure, one can see that the potential becomes lower when the parameter β m approaches 1. This behaviour comes from the fact that β m controls the existence of the horizons as discussed in the previous section. The parameter β m play the role to shift the function f lower, infer from Fig. 1 , when β m → 1 and then the potential becomes lower.
For the parameter c 2 , it controls the strength of the graviton mass or the cosmological constant. As shown in the left panel of Fig. 3 , the smaller value of |c 2 | provides more far distance of the cosmological horizon (the larger horizon). This behaviour in similar to one in cosmological aspect, the cosmological constant is very small and then the cosmological horizon is very far and then the gravity gets modification only at very large scale. As a result, the potential becomes wider and then lower when c 2 → 0 as shown in the right panel of Fig. 3 . 
IV. QUASINORMAL MODES
In the black hole perturbation theory with spherically symmetric spacetime, the radial equations always can be represented in a Schrödinger-like form with an effective potential.
The effective potential is determined by the behavior of a specific spin particle in a specific spacetime, and the QNMs are one of the important physical characteristics which can be derived by analysis the effective potential.
In a rough classification, the effective potentials corresponding to various fields in spherically symmetric spacetimes are mainly two types. The first one shall be the barrier-like effective potential, which includes a local maximum and asymptotically zero or converge to a specific value smaller than the maximum at the spatial infinite or cosmic horizon. The QNMs can obtained by taking the boundary conditions of purely ingoing wave to the black hole event horizon and purely outgoing wave to the spatial infinity or the cosmic horizon.
The physical phenomena of this type of QNMs represented the ring down frequency and the damping rate to the late time tail of the propagating wave with positive real part and negtive imaginary part respectively. The second type of effective potential shall be asymptotically infinity or a finite maximum at the spatial infinite, which usually related to the AdS black hole spacetimes. The boundary conditions of obtaining the QNMs were slightly different, which shall take the purely ingoing wave to the black hole event horizon, and the Dirichlet or vanishing energy flux boundary conditions at the spacial infinite. The QNMs in this type are suggested to linked with the AdS/CFT correspondence. For a more detail discussion in the black hole QNMs, we refer to these review articles [73, 74] .
The dRGT black hole model included both type of the effective potentials, it is however that the AdS-like cases contain more complicated structures [36] , the study of QNMs shall be model dependance and beyond the scope of our current study. As a result, we focus on the dS-like solutions where the effective potential were always barrier like as mentioned in previous section. In this case, the comparison with the Schwarzschild de Sitter cases provides the significant deviation of the Dirac QNMs between the traditional GR and the dRGT massive gravity one.
We study the Dirac QNMs by using 3rd order WKB by Iyer and Will [72] , the 6th order WKB by Konoplya [94] , and recent revised WKB with Padé approximants by Konoplya, Zhidenko and Zinhailo [95] . These methods were powerful in study the barrier-like potentials with the boundary conditions of purely ingoing wave to the event horizon and purely outgoing waves when the tortoise coordinate x → ±∞. We take the effective potential, V + as in Eq. (3.46), to evaluate the QNMs, the V − potentials shall be the super-symmetric partner potential as mentioned in previous section. The matric element is given by Eq. (2.18).
We take the black hole mass M = 1, the scaling parameter α g = 1, and set the parameters c 0 , c 1 , c 2 as present in Eq. (2.20). The leftover parameters shall includes the physical meaning as the angular momentum parameter λ = l + 1, l = 0, ±1, ±2... which is based on the spin-1/2 eigenvalues on 2-sphere; the graviton mass parameter, c 2 , which can be analogous to the cosmological constant in the traditional GR; and a free parameter β m which let the effective potential always dominated by the barrier like behavior between the black hole horizon and the cosmic horizon when 0 < β m < 1.
We evaluate two set of QNMs with different setting of the parameters. The first set we fix c 2 = − 0.01 3 and vary the parameter β m as follows β m = 0.5, 0.6, 0.7. 0.8, 0.85, 0.9, and 0.95. Taking this set of parameters allow us straightforwardly comparing the results with Schwarzschild-dS when the cosmological constant Λ = 0.01. We present the low-lying modes with the third and sixth order WKB, and 6th and 13th order revised WKB with Padé approximants explicitly in the Tabs. I, II, III, IV, V and VI in Appendix A, as well as the reference modes of the Schwarzschild-dS cases. The relations for the corresponding effective potential and the evolution of these modes with 6th order WKB were presented in Figs. 4 and 5. The QNMs shift to the smaller real part and larger imaginary part when β m increase, note that the imaginary parts were negative. Next, we consider of the same l modes, with the increasing of the mode number n, the real part of the QNMs getting smaller and the imaginary part also getting smaller. These behaviors indicated that the oscillating frequency for the propagating wave getting smaller and the damping rate of the late time tail getting larger. These properties can be check analytically by the leading order (3rd order) of the WKB methods with the form,
where V 0 denoted the maximum of V + , "prime" denoted the derivative to the tortoise coordinate, and Λ = 1 where α = n + 1/2, n = 0, 1, 2, ... . These behaviors also consistent with the general expectation in traditional GR cases as in [67, 89, 97] . The comparison of the n = l = 0 modes with the Schwarzschild-dS case be presented in Fig. 6 , the standard GR modes located approximately on the linear relation leads by the dRGT model. As such it is possible to have a coincident matching for dRGT and GR black holes, even if the dRGT model modified the graviton mass and include some more terms in the metric elements f (r).
The second set we fix β m and vary the parameter c 2 as follows c 2 = − 0.02 3 , − 0.03 3 , − 0.04 3 , − 0.05 3 , and − 0.06 3 . The results to the low-lying modes with the third and sixth order WKB, and 6th and 13th order revised WKB with Padé approximants were explicitly listing in the Tabs. VII, VIII, IX, X, XI and XII in Appendix A. The corresponding effective potential and the related 6th order WKB results were showing on Fig. 7 . These results also present an identical evolution for the low-lying modes and with the decreasing of c 2 , the real parts shift to the larger value and the imaginary parts shift to a smaller one, which also consistent with the behavior of the effective potential.
It is worth to note that in our cases, there exists a finite potential wall before the converge of the effective potential at the cosmological horizon. It is however that in our recent selecting The right panel shows the related low-lying QNMs.
cases, the dominated part still the maximum value of the barrier-like curve and the potential well did not influence the QNMs behavior in the evaluating with WKB formula just as the expectation in this paper [95] . For an extension of recent cases when the finite potential wall getting strong enough to influence the QNMs evaluating, which shall be corresponding to the "three turning points" effective potential mentioned in [98] and worth to have a further study in the future works.
As a remark the the results were evaluated by "Wolfram Mathematica" with vision 8.0
to the latest one. The data were consistent and reproducible only with the affine setting of the precision numbers when evaluating, it is because the intrinsic precision numbers were not enough to present a credible results. The details of the results for different precision choosing will be listed on Appendix B.
V. CONCLUSION
In this paper, we obtained the radial equation for the Dirac perturbation in the dRGT BH spacetimes. The general form were consistent with the traditional GR BH cases but the metric element f (r) become slightly different as in Eq. 
